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Kalman flter
Kalman filter

Addresses general problem of estimating the state x € R” of a discrete
time controlled process governed by a linear stochastic differential
equation:

Xk = Axk—1 + Buk—1 + wi_1
2z = Hxj + vk

z € R™ is a vector of measurements
u € R is control input vector

A'is (n x n) system matrix

B is (n x I) input matrix

H is (m x n) measurement matrix

wk, p(w) ~ N(0, Q) is process noise

vk, p(v) ~ N(0, R) is measurement noise.
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Measurement Update (“Correct™)

Time Update (‘“Predict™
ime Update ("Predict™) (1) Compute the Kalman gain

. . . _ _ 1
(1)Pr01?cr the state ahead ’Kk — PkHT(HPkHT+R)
X = AX_ +Bup_,

(2) Update estimate with measurement z;

(2) Project the error covariance ahead ‘i.k = ?‘;\ +K i (z = j24 i;\)
P, = AP, _ IAT +Q (3) Update the error covariance

P, = (I- K H)P;

Initial estimates for &, _; and Py _,

Under the assumption of precisely known linear system (matrices A, H, Q
and R are exactly known) and pure white, zero mean, uncorrelated noise
sequences w and v, Kalman filter will provide optimal state estimation.
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Extended Kalman filter
Extended Kalman filter

The process is now governed by the nonlinear stochastic difference
equation

X = F(Xp—1, Uk—1, Wk—1),
2 = h(xk, vk)

Idea: nonlinear functions can be linearized around the mean and
covariance of the current system state estimate.
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Linearization:

X ~ )~<k + A(Xk_l — )?k—l) + VVWk_l7

Z & Z + H(Xk,1 — )?k—l) + Vv,

where:
o
i (Rk—1, Uk—1,0),
[iJ] éQ)Q[
ofy;
Wij = W (% 1, ux1,0),

Prediction error and the measurement residual can be defined as:

& = Xk — K = A(Xk—1 — Xk—1) + €k,

ézk =Zk — Zk ~ HéXk +77k)

where:
p(e) ~ N(O, WQWT),

State and parameter estimation

p(n) ~ N(0, VRVT).
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Operation of the Extended Kalman filter can be presented as:

measuremem Update (“Correct”)

(1) Compute the Kalman gain

Time Update (“Predict”)

. - -1
[€H) P!?{ecl the sta:e ahead K, = PkHE(HkPkH;Z 5 VkRkVZ)
=T py_1,0) . .
(2) Update estimate with measurement 7
(2) Project the ertor covariance ahead %, = &+ K, (2 - h(5,0))
Pp = ApPy_ 1A/z- + Wy, 1W1Z- (3) Update the error covariance

P, = (I-KH)P,

./

Initial estimates for % _; and P,

Optimality for the EKF is not guaranteed. First order linearization of the
nonlinear system can introduce large error in the true posterior mean and
covariance of the transformed GRV.
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Unscented Kalman filter

Addresses the approximation issues of the EKF and in general yields better
results

@ The state distribution is again represented by a GRV specified using a
minimal set of carefully chosen sample points. These sample points
completely capture the true mean and covariance of the GRV.

@ When propagated through the true nonlinear system, the posterior
mean and covariance is captured accurately.

@ This process is defined by unscented transformation.
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Unscented transformation

Suppose a (nx1) vector x has the known mean X and covariance P.
2n sigma point vectors x(7) are formed as:

x) = 5 + %), i=1,..2n
i T
£(0) — (\/nP)_ , i=1,..n

sn+i) — _ (m)T i=1,..n

1

T
where v/ nP is the matrix square root of nP such that (\/ nP) vV nP = nP
and (\/ nP)_ is the i-th row of v nP. Ensemble mean and covariance of

1

the set of sigma point vectors are equal to X and P.
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To approximate the mean and covariance of a nonlinear function y = h(x):

@ individual sigma points are transformed:

y D =h(x),i=1,..,2n

@ weighted sum of the transformed sigma points is calculated:

2n
1 .
_ (i) ;—
Vu = 2”, 1(y ),i=1,...,2n
2n
1
ﬂz%gy” )y = yu)"
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Lol
UKF algorithm

Time update:

ialized as:
= E(a0)
B = E [(wo — &) (w0 —3)7] .

Time update equations are:

(#)

. . « Veclors a.(') are combined to obtain the a priori state
« Sigma points z;;”, are chosen as:

estimate .ll time k:
12 ®
o NG
& = 72(% )
d=]
« A priori covariance is estimated as:

zw @ - 5" + Qo

« Sigma points are transformed into z(’)

&0 = FE0 |, u ty)

veclors using:
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Lol
UKF algorithm

Measurement update:

Measurement update equations are:

» Sigma points a:i.') are chosen & « Covariance of the predicted & cotimmicd:
() _ 2= | (i) : 9 2n
&) =, +3Y, t=d0 20 el L) aova() s AT
- . Py= g3 (0 = 9@ — )" + R
#D = (/ nP;) . i=1l,..,n =t
i « Cross covariance between the « priori state estimate &
o 2 and the predicted measurement g, is:
FH) = VnPo | e
i

2n
1 A amyga() T
P,=— &) — & )y — I
Transform the sigma points into vectors of predicted Y 2n§( L 0 — )

measurements g{_" 2

i = (a0, )

These vectors are ¢ 1 mea-

surement at time k:

2n
i 1 A
Y= 5 2(?]5\-))

1 to obtain the |
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Least squares

Unknown parameter of a mathematical model should be chosen such that
the sum of the squares of the differences between the actually observed
and the computed values, multiplied by numbers that measure the degree

of precision, is a minimum.

y=Hx+v

e y € R¥ is a vector of measurements corrupted by noise v
@ x € R" is a unknown vector to be estimated

@ His (k x n) measurement matrix.
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Measurement residual and cost function for estimated value of x denoted
X are:

€, =y — HR

<
[
<
I
<
|
I
=
\'
<
|
I
&

J:€}2,1+...+6)2,k:€—r
To minimize J with respect to X, % is calculated and set equal to zero,

which yields:

(HTH) 'HTy
HLy.

X

x>
Il

HL is the left pseudo inverse of H, which exists if k > n and H is full rank.
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Least squares
Weighted least squares

Incorporates the variance of the measurement noise as the measure of
uncertainty:

E(v) =c?(i=1,...,k)
O‘% ... 0
R=EwT)=|: .
0o ... Ji
New cost function and estimated value of x are:

_ 2 /2 2 ;2
J=€/01+ .+ €0k

_ T p-1

=€, R ey

=(y—H®)T R (y — HX)

%= (HTRIH) "HTR™ 1y
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Recursive least squares

In most of the applications we obtain measurements sequentially and want
to update estimate of x after every measurement:

Yk = Hix + vy
R = X1+ Ki (v — HikX—1)

where Ky is the estimator gain matrix to be determined. The estimation
error mean and covariance can be computed as:

E(exk) = E(x —Xx) = (I — KikHi)E(€ex k—1) — Kk E(vk)

Pi = (I — KiHi)Pr—1(l — KikHi) T + KiRiK,T
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Optimality criterion for the calculation of Kj is to minimize the sum of
variances of the estimation error at time k, defined by the cost function Jy:

Je=E[(x1 — %) + ... + E[(xn — %0)3]
= E(6>2<1,k +..t €>2<n,k)'

When partial derivative with respect Ky is calculated and set equal to
zero, expression for Kj is obtained:

Kk = Pe_1H] (HkPx—1H] + Re) ™.
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Aerial load manipulation

Aerial load manipulation

To be able to understand and implement described estimation techniques
in the context of aerial load manipulation, one must be familiar with the
system kinematics and dynamics. Quadcopters are one of the most
common used UAVs for this application.
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Aerial load manipulation

System description

Two coordinate frames are defined:
o {A} aircraft-fixed reference frame
e {G} ground-fixed frame, considered to be the inertial frame.
The variables are:
em=I[x y Z| T position of the origin of {A} measured in {G},
e M = [qﬁ 0 1/1] T roll, pitch and yaw angles that describe the
orientation of {A} with respect to {G},

ouv=[u v w T _linear velocity of {A} relative to {G}, expressed
in {A},
ewm=I[p q 1 T _ angular velocity of {A} relative to {G}, expressed

in {A}.

Vicko Prkagin (UNIDU) State and parameter estimation February 18, 2019 19/31



Dynamics
Dynamics

UAV's 6 degree of freedom nonlinear dynamics equation is expressed as:

My + C(v)v+Dv+G(n)=1+71L

T. o . .
@ n=[m 2] is the vector of position and orientation
T . . .
o v= (11 12| s the vector of linear and angular velocities
@ M is the mass and inertia matrix of the UAV
@ C(v) is the matrix of Coriolis and centripetal terms
°

Dv represents dissipative force and torque vector, where D is the
damping matrix.

G(v) is the vector of gravitational forces and moments

Vicko Prkagin (UNIDU) State and parameter estimation February 18, 2019 20/31



Aerial load manipulation Dynamics

@ Control inputs are given as:

0 fT(nz)
_ Us
ﬁf :g R ! (772) 0 77—(7727 U) = U
U 3
Us

where Uy, U, Us, Uy are control forces generated by rotors.

@ Forces and torques that the load exerts on the UAV are:

TL = [F}{ 7}4].
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Aerial load manipulation Kinematics

Kinematics

System kinematics is given as:
=1 ol 2]
mn 0 Q(r2)] [v2]’
1= Jr(n)v

where:

o $R(n) is the transformation matrix between the two reference frames

1 s¢tf cotf
e Q(m2) = |0 Cf _Sf
0 %
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Aerial load manipulation EESIITIEEIERTYH]

Slung load model

The external slung load is modelled as a point mass pendulum suspended
from a single point.

e {H} is defined at the suspension point with unit vectors parallel to
{A} and position with respect to UAV CoG given by

PH = [XH YH ZH]
@ Position vector p; of the load with respect to the suspension point is:

0
pL = Ry, (0L)Rx,(é1) | O
I

Position of the load, as described here represents the state, and the length
of the cable (/.) is parameter for estimation in the focus of our research.
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Aerial load manipulation EESIITIEEIERTYH]

The force Fy that the load exerts on the vehicle and the torque Ty are
respectively given by:

Fr=—myGp,
Ty =pH x Fy
where:
0
GL = Rx,(¢) "Rv,(0) 1| O
—mLg

represents the vector of gravitational forces and moments, ¢ and 6 are the
roll and pitch angles of the UAV respectively, and m; is the mass of the
load.

Both Fy and Ty are functions of ¢; and 6, as well as of UAV states.
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Current work

Current objective:
@ Online state estimation of the slung load without introduction of the
additional sensors.
@ Model-free on-line state estimation of the slung load utilizing only
standard sensors available on the UAV using the signal processing of
the sensor data.
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Current work Continuous wavelet transform

Continuous wavelet transform

Wavelet is a function with a zero average, normalized ||¢|| = 1, and
centred in the neighbourhood of t = 0:
+oo
Y(t)dt =0

—0o0

The continuous wavelet transform (CWT) of a signal x(t) € L?(R) is a
sequence of projections onto rescaled and translated versions of the

wavelet 1(t):
W(t,s) = /+Oo Ly (” - t> x(u)du

oo S s

where (*) symbol denotes the complex conjugate, scaling factor is denoted
by s, and translating factor is denoted by wu.
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Current work Continuous wavelet transform

CWT is a 2D representation of a 1D signal. For a real valued function the
result of a transform is an (N,xN) matrix, where N, is the number of
scales and N is the number of samples. If the wavelet is complex-valued,
the coefficients are complex-valued.

Morlet Wavelet - complex-valued wavelet, esssentially a Gaussian
envelope modulated by a complex-valued carrier wave at radian frequency
v

¥ (t) = a e (/28 [ei”t _ ef(l/z)lﬂ}

Morlet Wavelet with =5.5, P=30

]

Amplitude
s
g
B

i

0.05
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0.10
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Experimental platform

o Crazyflie 2.0 quadcopter
@ Loco UWB positioning system
@ Crazyradio radio link
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Results
Results
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Disturbance reconstruction:
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The End

Vicko Prkagin

State and parameter estimation February 18, 2019 31/31



	Estimation
	Kalman filter
	Extended Kalman filter
	Unscented Kalman filter
	Least squares

	Aerial load manipulation
	Dynamics
	Kinematics
	Slung load model

	Current work
	Continuous wavelet transform
	Experimental platform
	Results


